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Certain strongly regular graphs with u = 2 are k

'irst constituents are partial linear spaces.
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'RODUCTION

.t G be a strongly regular graph with parameters v,k,A,u where u = 2.
et x be a fixed vertex, and H = T(x) the graph induced on the neigh-
of x.

hen H has k vertices, is regular of valency A and two nonadjacent

:es have at most one common neighbour. Consequently each edge of H is
lned in a unique maximal clique, and H is the pointgraph of a partial

- space (H,L) which has the property that ifye H L € Landy ¢ L

7 is on at most one line intersecting L. [i.e., we have a partial quad-
> where iines do not necessarily have constant size.]

sooking at the structure of H one can kill graphs that just escape the
>ound: for example, if Yy = 2 and s = -4 then f = 24A %I%%%-so that
),1,4,8,9,15,24,29,36,64,99,204}. The CLAW bound kills the graphs with
1. Here we shall show that also A € {8,9,15} is impossible, thus leaving
irameter sets (v,k,A) = (56,10,0), (99,14,1), (300,26,4). The first one

sponds to the GEWIRTZ graph, the other two are unknown.
JTIAL LINEAR SPACES OF GIRTH 5

[n view of the application to strongly regular graphs we shall use k
1e number of points and A for the valency (of the pointgraph) of a

al linear space.

iM. A connected partial linear space with girth at least 5 and more
o>ne line (lines possibly of varying size) in which every point has A

>ours, contains k 2 %A (A+3) points.

. Let L be a line of size £. Denote by T the set of points at distance
ast two from L. Then |T| = k-£(X+2-£), and £ < A since a line of size
>uld be a component. Let X, be the number of points in T having exactly

jhbours at distance one from L. We have

Lx, =k - L0+2-0),
i




Z ix, = L(\+1-2) (£-1),
1 1

(%)xi < (g)(x+1—£)2.

F- I~

o

<) (i-(A+2-£))2xi
i

ZZ(é)xi - (2A+3—2£)Zixi + (A+2—K)2 in
i i i

2(£—1)(A+1-£)2 - 2(2-1) (A+1-£) (2A+3-2L) + (A+2-£)2(k—£(x+2—£)),

IA

kK (M2-£)2 > £(0+2-£) ((A+2) (A+1-L)+1)

can be written as

(A+2) (A=£) (2£-3=2)
2 (A+2-L)

k = L5A(A+3) +

.lows that if there is a line of size £ with £ > %(A+3) then k = %A (A+3))
strict inequality unless £ = A or £ = %(A+3)).
f £ is relatively small then we can imporve on estimate (ii). Let m

: size of the longest line intersecting L. We have

) ix, > £(A+1-) (\+1-m) .
i

evaluating 0 < Z(i—ﬂ)(i—ﬂ—l)xi we find
i

28 (m=L) (A+1=L)
£+1

k 2 ()\+1)2 - Zx -

.lows that if the longest line in our partial linear space has length
it %(A+1) (putting m < £ < L%(A+1)) then k = % (A+1) (A+2) = LA(A+3)+1.

n case the longest line has length %(A+2), we have to estimate somewhat




more carefully. If there is a line L of length £ < %) such that each line
intersecting L has length at most %) then k 2 %Az + 2X + 1. This shows that
for smaller k there are many lines of size %A + 1; in fact too many.

Write |M| = 1+sM for each line M. Considering the lines M distinct from
L passing through a point x € L we see that x is at distance two from

A+1-2, so

z SM(A—SM) points in T. But z SM

_(A+1—£)2 +.) s8

A(A+1-2)
M#N M N

L s, (A-s,)

[\

(£-1) (A+1-2) + (nx—1)(2(i+1-£)—nx)

where n = z 1 is the number of lines intersecting L in the point x.
Let nXM= 1 for j points of L, so that n > 2 for the remaining £-j

points of L. Then
(i)' ) ix, > £(L-1) (A+1-2) + 2(£-3) (A-L).

In particular, for £ = %\+1 we find, evaluating 0 < Z(i—l)(i—2+1)xi, that

4(£-2) (£-5)

%Az + A+ 1 + 7 .

o
\%

On the other hand, if for some j € N each line of size £ = %)\+1 intersects
at least j+1 others of this size then considering j(3+1) lines of
size £ intersecting such lines intersecting a given line L we find
2

IT| =k = £7 2 %3 (§+1) (£-1) = B2 (5+1).

This shows that if the linear space contains lines of size £ = %A+1 then
(%) k > max min (3% + 3% - 3 - § é%fg-, LAJ(5+1) + B2 4+ A + 1},

0<j<L
Hence, for A = 2,4,6,8,10 we find k > 5,15,27,46,67 respectively, and
r ~ : :

in general putting j = ‘/I we find k > %A (X+3) for X > 6. This proves the

theorem. g

REMARK. Equality holds in the theorem iff A = 2 and k = 5. (This partial

linear space exists - it is a pentagon.) For: if there is a line of size




A + 1 then k > %A(A+3) unless A = 2 or A = 6. But if A = 6 and k = 27 one
sees that each line of size 4 intersects exactly three others and that each
point in T has three or four neighbours at distance one of L (where £ = 4)
- hence lines of size 4 do not intersect in T and [TI = 18, k 2 34, contra-
diction.

Hence there are no lines of size %A+1, but each line of size at most
%(A+1) intersects a longer line, so there are lines of size LA+3) or M.
In the former case (£ = %(A+3)) we may suppose A > 3. We see that j = £,
i.e., each line of size %(A+3) intersects only lines of size %(A+1). Let
there to be a lines of size %(M+3). Then there are %(A-a) (A+3) points not in
one of these lines, and %a(A-1) (A+3) incidences of such points with %(A+1)-
lines. But each point is in at most two L(A+1)-lines, so (A-a) (A+3) =
%a(A-1) (A+3) and a < 3. If a > 1 then we find a line L with £ = 5(2+1)
intersecting only one line of size %(A+3), i.e., with j = 1. From
0 < Z(i—ﬁ-—l)zxi one finds £ < 1, contradiction.

Hence there are no lines of size %(A+3) and all lines have size 2 or A.

If some point is only in lines of size 2 then it has A neighbours and
A(A-1) points at distance 2 so that k ZvA2+1. On the other hand, if A > 2
and each point is in a line of size A, then let L be a line of size A. Each
of its A neighbours is in a line of length A, and these lines cannot inter-

sect, so ITI 2 A(A-1) and k 2 A(A+1). This proves our claim.

{EMARK. We do not know the right order of magnitude of the lower bound. The
. . 2
heorem gives something of order 4%\° - on the other hand, the Moore graphs

f diameter two are examples with k = A2 + 1. For small )\ we have:

A=2, k=5, the pentagon.
A =3, k =10, the Petersen graph.
A =4, k = 15:

There is a unique partial linear space on 15 points with 10 lines of
ize 3 and girth 5. Its point-graph is distance regular with parameters

(4,2,1;1,1,4). It is obtained from the generalised quadrangle GQ(2,2) by




.ng a parallel class of lines. It is the line graph of the Petersen

low these three examples are regular: all lines have the same size. But
:gular partial linear spaces these same methods yield stronger bounds:

e
k = A(A-£+2) + 1

. lines have size £. If X < £(£-1) this can be strengthened to

3
k > £2 (A-20+3) + éif—'—l—)—

1ise A = £(£-1), equality would mean that we have a strongly regular

with p§ = 1 and discriminant (2—1)/31 hence equality occurs only for
In general equality means that we have a strongly regular graph with

in the first case and distance regular graph of diameter at most three

» second case - the linegraph of a system satisfying one bound with

-ty, satisfies the other with equality. This yields very strong con-

1s on the parameters, and only finitely many examples are known.)

\n infinite family of regular examples if provided by the incidence

5 of finite projective planes: they have k = 2(12—A+1), for A = g+1,

rimepower.

loncerning irregular examples there are precisely two others with

. k = 10 namely

B
\

15 there are no irregular examples. There

21.
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=2, k=5and A
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RONGLY REGULAR GRAPHS WITH u = 2.

As already remarked in the introduction, if G is any g
onadjacent vertices have at most two common neighbours

ction of neighbours of a fixed vertex x, carries a par

0
of girth at least 5. Now if G is moreover regular and
if not k 2 %A (A+3) then by the theorem P(xo) is a disj
of size A + 1. It follows that (A+1)lk and that G its

r space. Thus:

LARY. A strongly regular graph with pu = 2 and k < 5\ ()

angle; in particular it satisfies the divisibility con

This corollary rules out infinitely many feasible sets
rongly regular graphs e.g. (v,k,X) = (736,42,8), (875,
,70,15), the three cases mentioned in the introduction
e first in an infinite series, e.g. (v,k,A) = (t2(6t+1
Ot-2,5t-2) is admissible for t = 1,2,4 or 6 (mod 7) bu
orollary for t = 2,

Looking at the table we found one parameter set that j

, hamely
(v,k,A) = (1944,67,10).

lso this one is easily killed. Returning to the proof
e special case k = 67, A = 10 we see that there are no
r 9 and that each line of length 6 intersects at least
ly 4 other lines of size 6. If there is a line of size
t least 1 + 4 + 12 = 17 such lines, together containin
4.%).17 = 68 points, a contradiction.

Hence there are only lines of size 2 or 10 and k 2'A2
tradiction,

Clearly our result can also be applied to other distan

e have no examples at present.
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